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RESOLUTIONS FOR METRIZABLE COMPACTA
IN EXTENSION THEORY

LEONARD R. RUBIN AND PHILIP J. SCHAPIRO

ABSTRACT. We prove a K-resolution theorem for simply connected CW-
complexes K in extension theory in the class of metrizable compacta X. This
means that if K is a connected CW-complex, G is an abelian group, n € N>,
G = mp(K), m(K) = 0 for 0 < k < n, and extdim X < K (in the sense of
extension theory, that is, K is an absolute extensor for X), then there exists
a metrizable compactum Z and a surjective map 7 : Z — X such that:

(a) 7 is G-acyclic,

(b) dimZ < n +1, and

(c) extdim Z < K.
This implies the G-resolution theorem for arbitrary abelian groups G for co-
homological dimension dimg X < m when n € N>5. Thus, in case K is an
Eilenberg-Mac Lane complex of type K(G,n), then (¢) becomes dimg Z < n.

If in addition 7,4+1(K) = 0, then (a) can be replaced by the stronger
statement,

(aa) 7 is K-acyclic.

To say that a map 7 is K-acyclic means that for each x € X, every map of
the fiber 7~ 1(x) to K is nullhomotopic.

1. INTRODUCTION

The Edwards-Walsh resolution theorem, the first resolution theorem for coho-
mological dimension, was proved in [Wal (see also [Ed]). It states that if X is a
metrizable compactum and dimz X < n (n > 0), then there exists a metrizable
compactum Z with dim Z < n and a surjective cell-like map 7 : Z — X. This
result, in conjunction with Dranishnikov’s work ([Drl]) showing that in the class
of metrizable compacta, dimy, is distinct from dim, was a key ingredient for prov-
ing that cell-like maps could raise dimension (see [Rul] for background). For the
reader seeking fundamentals on the theory of cohomological dimension, dimg, the
references [Kul, [Dr3], [Dy], and [Sh] could be helpful.

In [Wa] the author made use of the fact that cohomological dimension with
respect to the abelian group Z could be defined in terms of extensions of maps.
That is, dimyz X < n if and only if every map of a closed subspace of X to (a CW-
complex of type) K(Z,n) can be extended to a map of X to K(Z,n). Indeed (see
Theorem 26 of [Kul), for any abelian group G, dimg X < n if and only if every map
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of a closed subspace of X to K(G,n) can be extended to a map of X to K(G,n).
Always by K (G, n) we mean an Eilenberg-Mac Lane CW-complex of type K(G,n),
and such is characterized (up to homotopy equivalence) by having 7, = G and
trivial for all other k.

Motivated in part by this, a concept called “extension theory” was introduced
by A. Dranishnikov (see [DD] for some background on this notion). For a CW-
complex K and a space X, one writes extdim X < K (variously, X7K, K € AE(X),
dim X < K) if for each closed subspace A of X and map f : A — K, there exists
amap F: X — K such that F|A = f. If K = K(G,n), then extdim X < K is
equivalent to dimg X < n.

Now a map is cell-like provided that each of its fibers is cell-like, or, equivalently,
has the shape of a point ([MSI]). Every cell-like compactum has trivial reduced
Cech cohomology with respect to any abelian group G. This means that for every
abelian group G, every cell-like map is G-acyclic, i.e., all its fibers have trivial
reduced Cech cohomology with respect to the group G. This is equivalent to the
statement that every map of such a fiber to K (G, n) is nullhomotopic.

The latter notion may be generalized as follows. For a given CW-complex K, a
metrizable compactum X is called K-acyclic if every map of it to K is nullhomo-
topic. Moreover, one should recall that when a Hausdorff compactum or metrizable
space X has dim X < n, then also dimz X <n.

With these ideas in mind, one may ask, what kind of parallel resolution theorems
can be obtained under the assumption that extdim X < K, where K is a CW-
complex different from K (Z,n)? It turns out that it is not possible to always have
cell-like resolutions as in the Edwards-Walsh theorem, nor can one even require in
such propositions that dim Z < n be true (see [KY2]). So, what kind of resolution
theorems can we expect? The main result of this paper is:

1.1. Theorem. Let K be a connected C'W-complex, G an abelian group, n € N>q,
G =mp(K), and mi,(K) =0 for 0 < k < n. Then for each metrizable compactum X
with extdim X < K, there exists a metrizable compactum Z and a surjective map
w: Z — X such that:
(a) m is G-acyclic,
(b) dimZ <n+1, and
(c) extdimZ < K.
If in addition, m,41(K) = 0, then we may replace (a) by the stronger statement:
(aa) 7 is K-acyclic.

As a corollary to Theorem 1.1, we get the G-acyclic resolution theorem in coho-
mological dimension theory.

1.2. Corollary. Let G be an abelian group and let X be a metrizable compactum
with dimg X < n, n € N>g. Then there exists a metrizable compactum Z and a
surjective map 7 : Z — X such that:

(a) 7 is G-acyclic,

(b) dimZ <n+1, and

(¢) dimg Z < n.

In [Le] one finds another approach to Corollary 1.2. We mention that the
Edwards-Walsh theorem has been generalized to the class of arbitrary metrizable
spaces by Rubin and Schapiro ([RS]) and to the class of arbitrary compact Hausdorff
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spaces by Mardesi¢ and Rubin ([MR]). Corollary 1.2 was proved by Dranishnikov
([Dr2)) for the group G = Z/p, where p is an arbitrary prime number, but with the
stronger outcome that dim Z < n. Later, Koyama and Yokoi ([KY1]) were able to
obtain this Z/p-resolution theorem of Dranishnikov both for the class of metrizable
spaces and for that of compact Hausdorff spaces.

In their work [KY?2], Koyama and Yokoi made a substantial amount of progress
in the resolution theory of metrizable compacta, that is, towards proving Corollary
1.2. Their method relies heavily on the existence of Edwards-Walsh resolutions,
which had been studied by Dydak and Walsh in [DW], and which had been applied
originally, in a rudimentary form, in [Wa]. The definition of an Edwards-Walsh
resolution can be found in [KY2], but we shall not use it herein.

To overcome a flaw in the proof of Lemma 4.4 of [DW], Koyama and Yokoi
proved the existence of Edwards-Walsh resolutions for some groups G, but under
a stronger set of assumptions on G than had been thought necessary in [DW]. Tt
is still not known if these stronger assumptions are needed to insure the existence
of the resolutions. Nevertheless, Koyama and Yokoi proved substantial G-acyclic
resolution theorems. Let us state two of the important theorems from [KY2] (The-
orems 4.9 and 4.12, respectively), which greatly influenced the direction of the work
in this paper.

1.3. Theorem. Corollary 1.2 is true for every torsion free abelian group G.

1.4. Theorem. Let G be an arbitrary abelian group and let X be a metrizable
compactum with dimg X < n, n € N>o. Then there exists a surjective G-acyclic
map ®™ : Z — X from a metrizable compactum Z, where dimZ < n + 2 and
dimg Z <n+1.

In case G is a torsion group, Koyama and Yokoi prove (Theorem 4.11 in [KY?2])
that Corollary 1.2 holds, but without part (c). Of course Theorem 1.4 falls short of
Corollary 1.2. We observed that one of the main reasons for the relative weakness of
this theorem was that Koyama and Yokoi proved it by an indirect technique, a type
of “finesse.” Their approach depends heavily on the Bockstein basis theorem and
the Bockstein inequalities (see [Kul), instead of the more direct method, involving
Edwards-Walsh resolutions, used to prove Theorem 1.3.

We want to point out that Theorem 1.3 includes as a corollary, and therefore
redeems, the Q-resolution theorem of Dranishnikov ([Dr5]-but see also [Dr6], where
a different proof is given). The Koyama and Yokoi proof shows that in the proof of
Theorem 3.2 of [Drf], the statement that «,, o wy, is an Edwards-Walsh resolution
over T,S? *1 is not true. This was a subtle point; to fully understand it, the interested
reader may examine the text immediately following the proof of Fact 1 of the proof
of Theorem 3.1 in [KY2]. Getting around the barrier naturally led to a quite
complicated construction.

Our proof of Theorem 1.1 will be direct, using extensions which are different
from Edwards-Walsh resolutions. But we will use a type of pseudo-Bockstein basis
denoted o¢(G) (section 4). This will allow us to deal with the groups Z/p> as well
as the other groups involved. We shall employ the technique of inverse sequences
both to represent our given space X and to determine the resolving space Z. The
map 7 : Z — X will be obtained in a standard, yet complicated manner similar to
that used in [Wal.
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An outline of the sections of this paper goes as follows.

1. Introduction, including some historical facts about acyclic resolutions with
respect to certain groups.

2. Eilenberg-Mac Lane complexes K (G, n) and direct sequences of K(G,n)’s
with an application to K(Z/p>,n).

3. Some theory of inverse sequences of compacta along with Dranishnikov’s
lemma for obtaining maps of a compactum to a given compactum with
discernable fibers.

4. Some basic algebra needed for this work including a variant Bockstein the-
ory.

5. Extensions of generic type will be defined here. The concept involves start-
ing with a simplicial complex of dimension < n + 1, removing the interiors
of all its (n + 1)-simplexes, replacing them with other objects to create a
CW-complex, and then defining a map of this CW-complex back to the
polyhedron of the original simplicial complex.

6. Layered extensions, certain CW-complexes, are introduced in this section.
Using the concepts from section 5, but with a more specific goal in mind, we
build extensions in a finite number of layers and then in a reverse process
attach (n + 1)-cells to improve the homotopy groups of special subspaces
of these CW-complexes.

7. Our proof of the G-acyclic resolution theorem involves a certain recursive
process. The purpose of this section is to show how to make the move in
the induction from stage w to stage w + 1.

8. Pulling together the elements of the preceding sections, this ultimate one
will provide the final steps in our proof of Theorem 1.1.

The authors express their gratitude to Professor Ivan Ivansi¢ of the University
of Zagreb for his many helpful discussions with us during the preparation of this
manuscript. Our thanks go to M. Levin who indicated to us that our results could
be sharpened from those originally proposed. We are extremely grateful for a long
and studied report from the referee.

2. LEMMAS FOR EILENBERG-MAC LANE COMPLEXES

The purpose of this section is to illuminate certain facts about Eilenberg-
Mac Lane complexes in a form that will be useful for us. Map will mean con-
tinuous function, and for a simplicial complex K, its polyhedron | K| will always be
given the weak topology based on the triangulation K.

2.1. Lemma. Suppose that (Gi,pﬁ_H) s a direct sequence of injective homomor-
phisms pi | : G; — Giq1 of abelian groups whose limit is the abelian group G. Then
for each n € N, there exists a direct sequence (K(Gi,n),qt,) of K(G;,n)’s and
embeddings ¢, : K(Gi,n) — K(G;y1,n), which induce injective homomorphisms
on homotopy groups, and whose limit equals K(G,n).

Proof. Our proof is only for n > 2; we leave the case n = 1 to the reader. Suppose
m € N and we have constructed CW-complexes K1,..., K,,, and maps q§+1 K —
K1 for i < m such that for 1 <i < m,

(1) K;is a K(G;,n), and

(2) mn(gipq) : mn(K;) — mn(Kit1) is injective for i < m.



ACYCLIC RESOLUTIONS 2511

Let S be a bouquet of a copies of S™, where « is the cardinality of a generating
set of Gy, 11. Form the wedge K, V.S and note that 7;(K,, V.S) = 0 for j < n. Also
note that by Theorem V.3.1 of [Hul, 7, (K, V S) is isomorphic to G,,, ®m,(S) @ H.
Attach as needed a set of (n+1)-cells to K, V.S to kill the summand H. This yields
a CW-complex Ly with 7;(L;) = 0 for j < n and m,(L1) = Gp, @ m,(S5). Next
attach (n + 1)-cells to Ly to form a CW-complex Lo with m,(Ls2) =~ Gy, ® Gyt
and m;(Lg) = 0 for j < n.

Fix a set U of generators of G,,,. For each u € U, we consider the element
u—pp,i(u) € my(Le), and attach an (n + 1)-cell to Ly to kill this element. The
resulting CW-complex L3 has the property that m;(L3) = 0 for j < n and 7,(L3) =
Gpm41. Moreover, the homomorphism on 7, induced by the inclusion K,, — L3
injects G, into Gy, y1 as a homomorphism equivalent to piy 1 : Gy — Gt

The final step in producing K, 11 is to attach cells of dimensions n+2 and higher
to L3 as necessary to kill all the higher homotopy groups. From this construction
it is clear that K,41 is a K(Gy,41,n) and that the inclusion ¢, | : Kp, — Kpgy
induces the injective homomorphism py,; : Gy — Gipq1. This concludes our
proof. ([

We shall apply Lemma 2.1 in the sequel for p € P and G = Z/p>. Recall that
Z/p*> may be represented as the direct limit of a direct sequence (G, p}, ), where
for each i € N,

(1) G; =7Z/p', and
(2) piy1 : Gi — Giyq is the injective homomorphism induced by multiplication
by p.
The next could be used to prove the Bockstein inequality, dimz, .. X < dimgz,, X.

2.2. Corollary. For each p € P and n € N, there exists a direct sequence
(K(Z/p',n),ql, ) of embeddings g, which, on n-th homotopy groups, induce the
injective homomorphisms in (2), and such that the limit of the sequence equals
K(Z/p>=,n). O

!
In Exercise 5 of [Wal, it is stated that K (€DZ,n) is an Eilenberg-Mac Lane space
1

!
of type [[K(Z,n) for any I € N. A similar result is used implicitly in [KY2] and
1

elsewhere for groups G different from Z. On the other hand, as pointed out on
page 401 of [Sp] (in reference to a result of C. H. Dowker), the product of two
CW-complexes need not be a CW-complex, although it will be if at least one of
the factors is locally compact. This brings up the question: what is really needed

!
concerning K (PG, n) in the theory of resolutions in cohomological dimension? Let
1

us give an answer which applies to a large class of spaces.

If K and L are CW-complexes, then by K Xcw L is meant the set K x L with
the weak topology induced by the CW-structure obtained from the product of the
cells of K and L. This topology need not agree with the product topology, but the
identity function i : K Xcw L — K x L is continuous. Recall that a k-space is a
topological space whose topology is compactly generated. Polyhedra with the weak
topology, CW-complexes, first countable spaces, and compact Hausdorff spaces are
examples of k-spaces.
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Let us state Proposition 1.5 of [DD] here for the reader’s convenience.

2.3. Proposition. Let X be a k-space and let K, L be CW-complexes. Then a
function f : X — K Xcw L is continuous if and only if io f : X — K X L is
continuous.

!
2.4. Lemma. Let H = G be a finite direct sum of copies of an abelian group

1
G, let X be a paracompact k-space, and let n € N. Then dimg X < n if and only
if for every closed subset A of X and map f : A — K(H,n), there exists a map
F: X — K(H,n) which is an extension of f.

1
Proof. Using Proposition 2.3, it is not difficult to see that (][ K(G,n)) ~

1 cw
l

1
m([[K(G,n)) for all k. Hence [[ K(G,n)is a K(H,n).
1 1 cw

!
If dimg X < n, then surely [[K(G,n) is an absolute extensor for X, since the
1

same is true for each of its factors. Applying Proposition 2.3 again, one concludes
that for any closed subset A of X and map f : A — K(H,n), there is a map
F: X — K(H,n) extending f.
For the converse, let A C X be closed and f : A — K(G,n) be a map. Denote by
!
f*:A—]Jl K(G,n)= K(H,n) the function given by f*(a) = (f(a),..., f(a)).
1

cwW
Using Proposition 2.3, we see that f* is continuous, so by assumption it extends

1
toamap F*: X - [ K(G,n). Now Proposition 2.3 shows that i 0 F* : X —
Lcw

!

[IK(G,n) is continuous. The map F = p;oio F* : X — K(G,n), where p; is
1

projection to the first coordinate, is an extension of f. (Il

1
2.5. Lemma. Let H = @G be a finite direct sum of copies of an abelian group
1

G, let X be a metrizable space, and let n € N. Assume that dimg X < n, dim X <
n+1, and K is a CW-complex having the property that

0 if k <mn,

me(K) ~ {H if k= n.

Then extdim X < K.

Proof. Surely, K C K(H,n), where K(H,n)\K consists of cells of dimensions k,
k>n+2 If AC X and f: A — K is a map, then by Lemma 2.4 there exists a
map F: X — K(H,n) extending f. Dimensional considerations and the homotopy
extension theorem show that we may assume that F(X) ¢ K(H,n)"*) =K. O

3. LEMMAS FOR INVERSE SEQUENCES

Our proof of the main result will require certain manipulations of inverse se-
quences of metric compacta. This section will contain the needed results.
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The next lemma follows from Corollary 1 of [MS2].

3.1. Lemma. Let X = (Xi,pﬁﬂ) be an inverse sequence of metric compacta
(Xi,d;). Then there exists a sequence (J;) of positive numbers such that if Y =
i+l il

(Xi,qu) is an inverse sequence and d;(p;"",q;" ") < d; for each i, then imY =

lim X. (]

We shall call such (4;) a sequence of stability for X.

Henceforth if we write that f : |L] — |K]| is a simplicial map, we mean that
f is induced by a simplicial function L — K. As usual, when f : L — K is a
simplicial map of simplicial complexes, we shall use f : |L| — |K| to denote the
induced map of polyhedra. Let us recall some terminology from section 2 of [JR].
Let K be a finite simplicial complex, let X be a space, and let f : X — |K]| be a
map. Then a map g : X — |K]| is called a K-modification of f if whenever x € X
and f(z) € o € K, then g(x) € o. It should be observed that if L is a simplicial
complex, X = |L|, and g : |L| — | K| is a simplicial approximation to f, then g is a
K-modification of f. One calls f a K-irreducible map if each K-modification g of
f is surjective. Note that in this case, f is surjective and for any subdivision M of
K, f is M-irreducible.

From Theorem 3.11 of [JR] we may deduce the following.

3.2. Lemma. Let X be a metrizable compactum. Then we may write X as the
limit of an inverse sequence Q = (|Qi|,q§+1) of compact metric polyhedra, where
each bonding map qi“ 18 a Q;-irreducible surjection. If card X > 2, then we may
assume that card Q; > 2 for each i € N. O

Let us recall that by an interior cover of a space X we mean a cover of X by
sets whose interiors also cover X. We need Dranishnikov’s definition of a certain
type of Lebesgue number.

Let X be a compact metric space and let M be an interior cover of X by closed
sets such that no member of M equals X. Then there is a positive number \*(M)
given by

AY(M) =max{r|Vz € X IM € M,B(z,r) C M}.

The next lemma is clearly true.

3.3. Lemma. If X is a nonempty compact metric space and M is an interior
cover of X by closed sets such that no member of M equals X, then \*(M)/4 <
A¥ (M) < mesh M.

For a given simplicial complex K, let st/ denote the set of closed vertex stars
of K. Surely stK is an interior cover of |K| by closed sets.

3.4. Lemma. Let X be a metrizable compactum with card X > 2. Then there
exists an inverse sequence K = (|K;|,pi™) of compact metric polyhedra (|K;|,d;)
along with a sequence (8;) of stability for K such that imK = X, and for each
1 €N,

(a) mesh K; < 05,

(b) no member of stK; equals |K;|, and

(c) mesh(stK;y1) < A“(stK;)/4.
We may also specify that for some m € N, whenever i > m,

(d) pitt |Kiq| — |K;| is a K;-irreducible simplicial map.
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Proof. Write X = lim Q of compact metric polyhedra (Q;, d;) with card Q; > 2 for
each 7 € N as in Lemma 3.2, and let (p;) be a sequence of stability for Q. For each
i, put 6; = p;/2.

Below when we select a subdivision K; of @;, we shall tacitly (without loss of
generality since card Q; > 2 for each ¢ € N) assume that no element of stK; equals
|K;|. Let Ky be a subdivision of )1 with mesh K; < §;. Suppose that i € N and
for each 1 < j <, we have chosen a subdivision K; of ¢); with mesh K; < ¢; and,
when 1 < j, a map p§71 . |Kj| — |K;—1| which is a simplicial approximation to
qg_l. Assume moreover that when j < 4, mesh(stK; 1) < A“(stK;)/4. Then select
a subdivision Ki+1 of Qi+1 with meshKi_H < 6i+1, mesh(&KiH) < A“(&Kz)/zg
and which supports a simplicial approximation p!*' : |K; 1| — |K;| of ¢' 1.

2 ?

Note that d; (g™, pit!) < &;. Then it is easy to check that with K = (|K;|, pi™*)

1 1
and m = 1, we have satisfied all the requirements. (I

3.5. Lemma. When an inverse sequence K of metric polyhedra (|K;|,d;) satisfies
(c) of Lemma 3.4, then for each i < j,

mesh(stK;) < A*(stk;)/4.
Proof. Just apply Lemma 3.3 recursively. O

3.6. Definition. Whenever X is a metrizable compactum, then we shall refer to
an inverse sequence K of metric polyhedra (|K;|, d;) which admits a sequence (¢;)
of positive numbers and m € N so that (a)—-(d) of Lemma 3.4 are satisfied as a
representation of X which is stable and simplicially irreducible from index
m.

Of course Lemma 3.4 and its proof show that,

3.7. Lemma. Fvery metrizable compactum X with card X > 2 has a representa-
tion K which is stable and simplicially irreducible from index m = 1. O

We want next to define a certain type of move which when applied to such
K = K| as in Definition 3.6 results in a K; which is also a stable and simplicially
irreducible (from some index m) representation of X. We will then show that if
this procedure is repeated recursively in a controlled manner, resulting in a se-
quence K1, Ko, ..., then there will be a limit K, = jlirgo(Kj) which also will be a

representation of X.

3.8. Definition. Let (¢;) be a sequence of positive numbers, let X be a metrizable
compactum, and let K = (| K], pﬁ“) be a representation of X which is stable and
simplicially irreducible from index m; with (J;) an associated sequence of stability.
Let m € N>, and define ¢, = 6; if 1 < i < m, 9§, = %[5m — mesh K,,], and
0} = 6;/2 if i > m. There exists a sequence ¥ = Ly, Ly 11, L4, . .. such that for
each ¢ > m,
(a) L; is a subdivision of K; with mesh L; < min{e;, ¢/}, and
(b) if i > m + 1 there is a simplicial approximation I¢_; : |L;| — |L;_1] to the
map p;_;.
Create a new inverse sequence L = (|L;], by setting, in addition to what
we have just described, L; = K; and I!T! = pi™' in case 1 <i < m. Observe that
A (P 1) < mesh ¥ < 1[5, — mesh K,,] = 4,,,. Hence if g : |Lyi1| — |Ly|

l2+1)
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is a map and d,,, (g, ™) < §/,, we may conclude that d,,(g,pm ") < &,,. Indeed,
and we leave it to the reader to check, the following is true:

(c) foreachi,if g : |Liy1| — |Li| is amap and d;(g, 15") < &%, then d;(g, pi™') <
6i-
By exercising some additional care in the construction of L, we may guarantee that
(c) of Lemma 3.4 applies to it, and

(d) for all 4, di(p?'l, ZEH) < ¢; and, of course, pﬁ“ = l;“ if i < m.

We shall call such (L, (6;)) an m-shift of (K, (¢;)) from X.
It is routine to check that the next lemma holds true.

3.9. Lemma. Let X be a metrizable compactum and let K be a stably irreducible
representation of X with (69) a sequence of stability and which is simplicial from
index my. For every mq-shift (Ki,(6})) of (Ko, (6?)) from X1 (an appropriate
subdivision of the triangulation of the mi-term of Ko ), K is a representation of X
which is stable and simplicially irreducible from index my with (3}) an associated
sequence of stability. It satisfies (c) of Definition 3.8 with (8}) = (6}) and (&;) =
(89). The terms (as metric spaces) in Ko and K; are equal. Fori < my, 69 = 8},
the terms with index i have the same triangulations in Ko and K1, and the bonding
maps in Ko and Ky with subscript i are equal. For i > my, 8} need not equal §?,
the triangulation of the term in Ky with index © is a subdivision of that in Ko with
the same index, and the bonding map with subscript i in Ky may differ from that
in Ko with subscript i.

If ip € N, my < --- < my, is a finite sequence in N, and successively we have
chosen (K, (7)) an mj-shift of (K;_1,(87")) from % (an appropriate subdivi-
sion of the mj-term of K;_1), 1 < j < ig, then we may conclude that K;, is
a representation of X which is stable and simplicially irreducible from index m;,
with (520) an associated sequence of stability; it satisfies (c) of Definition 3.8 with
(8)) = (6°) and (5;) = (69). The terms (as metric spaces) in Ko and K;, are equal.
For i < my,, 61" = 81, the terms with index i have the same triangulations in
Ki,—1 and K,,, and the bonding maps in K;,_1 and K;, with subscript i are equal.
For i > my,, 6 need not equal 5", the triangulation of the term in K;, with
index i is a subdivision of that in K;,_1 with the same indezx, and the bonding map
with subscript i in K;, may differ from that in K;,_1 with subscript i.

In consideration of (d) of Definition 3.8, we may also conclude that if we are
given a sequence (€;) of positive numbers, then for each i € N,

di(pvz;—i_l, QEH) < €5,

denotes the appropriate bonding map from K;,, pﬁ“ the one from Kg.
O

i+1
%

where q

Henceforth we typically shall write (| K ;) i|,p2j)1i) to denote such a representation
K;, 0 < j <ip. One should note that, whenever ig > jo > j > 1, then K(j)mj =
K (jyym; = Xj when this occurs from the procedure in Lemma 3.9.

3.10. Definition. Let X be a metrizable compactum and let r : N — N be an
increasing function. Let Ky be a representation of X which is stable and simpli-
cially irreducible from index r(1) with (§?) a sequence of stability. Suppose that
(K;,(67)), j € N, is a sequence such that for each j, (K, (67)) is an r(j)-shift of
(Kj_1,(6]71)) from %;.
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Then for each k € N, if m, [, and 7 are chosen so that m > 1 > r(k) > i, one sees
that pé?}lz = pz#)l and 8! = §™. So for each i, the sequences (d7) and (pzj)ll) are
eventually constant. Hence, in an obvious way, we may define an inverse sequence
Koo = (Ko, p1),) = limKj, and a sequence (63°) = lim (67) of positive

(c0) i j—o0 J i joroo® b

i+1
(00) i

= lim pzj)li.

J—00

numbers. Here, K(,); = lim K;; and p
j*}O(}

The following is not difficult to deduce from our construction and this definition.

3.11. Lemma. Assume the notation of Definition 3.10. Then Ko, is a represen-
tation of X. Ifi € N, g : |[K(oo)it1| = |K(sc)s| 15 a map, and di(g,ng)i) < 650,
then di(g,ng)li) < 09 and hence (02°) is a sequence of stability for K.

Next is a well-known result which follows from the fact that if H is a countable
abelian group, then we may (and always do) express K(H,n) as a countable CW-
complex.

3.12. Lemma. Let X be a compact metrizable space, H a countable abelian group,
andn € N. Then there exists a countable set H(X, H) of maps of closed subspaces of
X to K(H,n) such that for each closed subspace B of X and map h : B — K(H,n),
there is hg : By — K(H,n) in H(X, H), where B C By and hg|B ~ h.

Recall (see the Introduction) that for each abelian group H and metrizable com-
pactum X, extdim X < K(H,n) is equivalent to the statement extdimy X < n.
Applying Theorem 1.4 of [Ru2|], we may state,

3.13. Lemma. Let H be a countable abelian group, n € N, V = (Vi,ggﬂ) an
inverse sequence of metrizable compacta, and V = lim V. Suppose that for each
i, H(V;, H) as in Lemma 3.12 has been chosen and for each h : A — K(H,n) in
H(V;, H), there exists k > i and a map g : Vi, — K(H,n) such that for each x €

(g¥)~Y1(A), h(gF(z)) = g(z). Then extdimV < K(H,n) and hence dimy V < n.

In [Wa] the author developed a technique, using an inverse sequence of polyhedra
whose limit is a given metrizable compactum X, of finding a metrizable compactum
Z and a map 7 : Z — X. Along with this, he showed how to recognize the fibers
of 7 as inverse limits of sub-inverse sequences of an inverse sequence whose limit is
Z. This concept has been refined, and will be quite useful to us in its evolved form.
We explain this idea, due to A. Dranishnikov ([Dr4]), as follows.

Let (f(i,di) be a sequence of compact metric spaces having the property that

for each 4, diam; K; < 27%. Under these conditions, we shall always use the brick
oo L

metric p on [] K; given by
i=1

p((i), (i) = Y i, yi).
i=1

In section 3 of [Dr4] the author uses this along with the notion of a realization of
an inverse sequence X = (K, ﬁﬁﬂ) to obtain an important lemma. Now we state
Lemma 4 of [Dr4].

3.14. Lemma. Let X = (K;,pit) and Z = (M;, g™") be inverse sequences of
nonempty metric compacta, X = limX and Z = limZ. Assume that for each

i € N, a closed interior cover M; of K; is giwen with the additional property that
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no element of M, equals K; and that for each x € f(i, we have selected an element

My € M, having the property that B(z, \*(M;)) C My,;. Suppose also that a
map ¢; : M; — I?i has been chosen such that:

(a) ¢; (M) # 0 for each M € M;,

(b) d(pi™ o giv1,di0git!) < AU(M;)/4, and

(¢) mesh M; < \“(M;_1)/4 when i > 1.
Then for each x = (z;) € X, g“l(qS;_ll(MxiH,Hl)) C ¢; '(My,.:), and there is a

7
surjective map 7 : Z — X such that 7= (x) = lim Z,, where

Zx = (Qsi_l(Mxi,i)vgngl)' O

4. SOME LEMMAS FROM ALGEBRA

The following lemma was motivated by the proof of Fact 2 of the proof of The-
orem 3.1 of [KY2].

4.1. Lemma. Let G be an abelian group, let k € N, and let u € G be divisible by
T

g € N>o. Suppose thatr > 1 and A : Z — Z& (DG) is the homomorphism induced
1

by A(1) = (—q,u, —u, —u,...,—u). Then

Ze (@E)/ima~2/qs (@O

Proof. Choose a z € G such that gz = u. Define h: Z& (PG) — Z/q & (PG) by
1 1
h(i,z1,...,2p) = ([i]lg, 21 + 12,22 + 21, ..., Tp + 21).

We see that h is a homomorphism because
h(ivxla B amT) + h(jvyla .. 'ay’!‘)
= ([ilg v +iz,zo + 21, .. op + 1) + ([flg 1 + 52,02 Fy1, - ye + 1)
(i +dlgz1 +y1 + (@ + J)z, w2+ y2 + (@1 + Y1), 2 + Yy + (21 + 1))
h(GE+ 7,21+ Y1y Tr +Yr).

,
Next, we show that h is a surjection. Let (ag,a1,...,a,) € Z/q ® (PG). Thus
1

ap = [i]q for some i. Put z1 = a1 — iz, and xp = ax — 1 for 2 < k < r. Then

h(i,z1,...,2;) = ([i]g. a1 — iz +iz,a9,...,a,) = (a0, a1, . ., ar) as needed.

Now we will detect that h induces an isomorphism as desired by this lemma. To
see this, first note that im A C ker h because h(A(1)) = h(—q,u, —u,...,—u) =
(-qlg:v — ¢z — uy...,u —uw) = (0,u — w,0,...,0) = (0,0,...,0). On the
other hand, ker A C im A for the following reason. Suppose h(i, 1, %2, ..., %) =
([Blg, 1 + iz, 22 + x1,...,2 +x1) = 0. Then i = ¢s for some s. Also, x1 +iz =
r1+qsz = x1+su = 0, showing that 1 = —su. For2 < k <r,0 = zp+x; = xx—su,
i.e., zp = su. Finally, A(—s) = (—q(—s), —su, su, ..., su) = (i,21,Za,...,2,.). O

Next are some facts from the theory of abelian groups.

4.2. Lemma. Let p € P, ¢ € N>y and u € Z/p*>. Then u is divisible by q. ([
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.

4.3. Corollary. Letp e P, g€ Nso, r € N, G =PZ/p>™, and uw € G. Then u is
1

divisible by q. O

Let P be a subset of P. Recall that the group Zp,) is the set of all elements b
of Q such that when b = % reduced to lowest terms, then s has no factors from F.

4.4. Lemma. Let Py C P, let u € Z(p,), and let q be a composite of elements of
P\Py. Then u is divisible by q. O

From [KY2], we have the following fact.

4.5. Lemma. Let Py C P. Then G = Zp,) satisfies the conditions (EWy) and
(EWs) of [KY2]. In particular, there exists a homomorphism « : Z — G such that

o* : Hom(G,G) — Hom(Z,G)
is a surjection. ([

In order to prove Theorem 1.1 we shall need to form a resolution of the given
compactum X in terms of a certain countable set of groups. To detect which groups
are needed, we shall apply some Bockstein theory. A good source for this is §2 of
[Dr6l; it can also be found in [Kul, but with different notation. For an abelian
group G, we shall be involved with its Bockstein basis o(G) in an indirect manner.
Henceforward we shall denote by Pg the set of all p € P such that Z,) € o(G).

4.6. Lemma. Let G be an abelian group, n € N, and J = Zpg). If X is a compact
metrizable space and dimg X < n, then dim; X < n, dimz(p) X < dimj; X for all
p € Pg, and for some p* € Pg, dimg, ., X = dim; X.

Proof. Let p € Pg. Since Z,y € o(G), then dimz,, X < dimg X < n. On the
other hand, o(J) = {Z,) |p € Pg}. Hence dimz, X < dim; X for all p € Pg,
and dim; X = sup{dimz(m X|p € P} < n. Thus for some p* € Pg, dim; X =
dimZ(p*) X <n. O

4.7. Definition. Let G be an abelian group. We define a set o¢(G) of abelian
groups H by requiring that H € o¢(G) if:

(a) H= Z(Pc)’

(b) H=17Z/p>, Z/p> € 0(G), Z/p ¢ 0(G), and p ¢ Fg, or

(c) H=1Z/p,Z/p € o(G), and p ¢ Pg.

4.8. Lemma. Let G be an abelian group, let H € 0o(G) be as in (a) or (b) of
Definition 4.7, let g € N be a composite of primes not in Pg, and let w € H. Then
u s divisible by q.

Proof. This follows from Lemmas 4.4 and 4.2. O

4.9. Lemma. Let X be a metrizable compactum, let G be an abelian group, let
00(G) be as in Definition 4.7, and let n € N. Then dimg X < n if and only if
dimy X <n for all H € 0¢(G).

Proof. Suppose dimg X < n. Let H € 0¢9(G). If H € o(G), then of course the
Bockstein basis theorem shows that dimy X < n. If H ¢ o(G), then H is of
the form Zp,y (see (a) of Definition 4.7). Apply Lemma 4.6 to conclude that
dimg X <n.
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For the opposite implication, suppose dimy X < n for all H € 0¢(G). Let
H' € 0(G)\oo(G). We simply have to show that dimg X < n (for all such H).

If for some p € P, H' = Z,), then (a) of Definition 4.7 and Lemma 4.6 prevail.
Suppose H' = Q. If Pg = 0, then Q € 0o(G) by Definition 4.7(a); hence it must
be true that Pg # (). Pick p € Pg. Then Lemma 4.6 shows that dimZ(p) X <
dimz,,, ., X < n. The Bockstein inequality BI4 of [D16] yields dimg X < n.

Now consider the case H' = Z/p*> and p ¢ Pg. Since Z/p>® ¢ oo(G), parts
(b) and (c) of Definition 4.7 show that Z/p € 0o(G). Hence dimz,, X < n by
assumption. But the Bockstein inequality BI1 in [Dr6] tells us that dimg X <
dimg,, X < n. If p € Pg, then the Bockstein inequalities BI1 and BI3 along with
Lemma 4.6 indicate that dimpg, X < dimZ(p) X < dimZ(PG) X <n.

If for some p € P, H' = Z/p, then because of (c) of Definition 4.7, it must be
true that p € Pg. Apply Bockstein inequality BI3 and Lemma 4.6 again. (]

For a given abelian group G and metrizable continuum B, we are later going
to face the problem of establishing, in terms of the groups in 0¢(G), whether B is
G-acyclic. The following lemma provides a usable criterion for this.

4.10. Lemma. Given a metrizable continuum B, abelian group G, and n € N>
such that:

(a) dimg B < mn,

(b) H*(B;H) =0 for 1 <k <n and any abelian group H,

(¢) H*(B;H) =0 for all H € 00(G)\{Z(py)}, and

(d) H™(B; H) =0 for any torsion free abelian group H.
Then B is G-acyclic.

Proof. We are going to show that B is H-acyclic for all H € o(G). The result will
thus be true by Corollary 4.7 of [KY2]. By (a) and the Bockstein basis theorem,
dimyg B < n. An application of Theorem 1 of [Ku] shows that

H"™(B;H) =0 for all k > 1.
By this and (b) of the hypothesis, we only need to prove that H"(B; H) = 0.

Suppose that p € P and H € {Z/p,Z/p>}. By (d), H"(B;Z) is trivial since
Zp) is torsion free. By (b), ﬁk(B;Z(p)) is trivial for 1 < k£ < n. If p € Pg, then
Zy) € 0(G), so we already know that H"*(B;Z,) = 0 for all k > 1.

Consider the short exact sequence,

0= Zpy =5 L) — Z/p — 0.

(See [Ku], near the bottom of page 10.) This leads to a long exact sequence in
the Cech cohomology of B showing that H9(B;Z/p) = 0 for all ¢ > 0. Thus, B is
Z/p-acyclic. By Lemma 4.2 of [KY2|, B is also Z/p>-acyclic. Hence B is H-acyclic
in this situation.

On the other hand, suppose that p ¢ P and consider first the case that H =
Z/p. Then by Definition 4.7(c), Z/p € 0o(G), so H"(B; H) = 0 because of (c)
of the hypothesis. This of course shows that B is Z/p-acyclic. If H = Z/p*> and
Z/p € o(G), then once more Lemma 4.2 of [KY2] shows that B is H-acyclic. So we
need to concern ourselves with the case that Z/p ¢ o(G) and H = Z/p*> € o(G).
But then Definition 4.7(b) shows that Z/p> € 0¢(G), so again (c) applies and we
see that H™(B; H) = 0.
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The last case to consider is that in which H € o(G) is torsion free; this is covered
by (d) of the hypothesis. O

4.11. Lemma. Suppose that G is an abelian group, K is a connected CW-complez,
neN, m,(K)=0for0<k<n, andn,(K)=G. Let Z be a metrizable compactum
such that dimZ <n+1 and dimg Z < n. Then extdim Z < K.

Proof. We may treat K = K(G,n)"t1) ¢ K(G,n). If A C Zisclosed and f: A —
K is a map, then dimg Z < n implies that f extends to a map F : Z — K(G,n).
The map F may be replaced by a map F* that factors through a polyhedron |L| of
dimension < n+1 in such a manner that F*(A) C K and F and F* are homotopic
when restricted to maps of A into K. Now use a cellular approximation to adjust
the map F™* so that F*(Z) lands in the (n + 1)-skeleton of K(G,n), i.e., in K.
Finally apply the homotopy extension theorem to see that f extends to a map of
Z into K. (]

The next lemma may be proved in a manner similar to that of Lemma 4.11.

4.12. Lemma. Suppose that G is an abelian group, K is a connected CW-complez,
neN, m(K)=0for0<k<nand fork=n+1, and m,(K) = G. Let Y be
a metrizable compactum such that dimY < n+1 and Y s G-acyclic. Then'Y is
K-acyclic. O

5. EXTENSIONS OF COMPLEXES

For the remainder of the paper we shall treat all CW-complexes as being PL and
our maps between two of them will be PL. If e : A — B is a map of CW-complexes,
then by MCY(e) we mean the mapping cylinder of e, where A is identified as a
natural subspace in the usual way. When we say “the” generator of a group G,
we simply mean that the group can be generated by one element and that we have
selected a favored generator in advance. Whenever a CW-complex is connected we
are going to suppress the notation of a base-point when designating its homotopy
groups.

Let us recall that a Moore space P of type (Z/g,n), n € N, ¢ € N>g, can
be described as the quotient space of B"*! under a quotient map which is an
embedding of int B"*! and which maps B"*! to S™ as a map of degree q. Such
Moore spaces are treated as CW-complexes and we identify S™ as a subspace,
denoting it SB. It is well known that

0 if k < n,

m(F) ~ {Z/q ifk=n

and that the inclusion S% < P induces the quotient homomorphism Z — Z/q on
. There is a triangulation L of P so that for some at least three times iterated
barycentric subdivision U of B"*! (which we treat as an (n + 1)-simplex), the
quotient map f of B"*! to P is simplicial from U to L, and so that the L-simplicial
neighborhood of S} in P is a regular neighborhood of S3 in P. We shall refer to
such L as a standard triangulation of P.

5.1. Notation. Let n € N and K be a simplicial complex. Then K"+ will
denote K™+\ k()
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5.2. Definition. Let n € N, K be a simplicial complex and S = K"tV For each
o € Sl et e, : 9o — O, be an embedding into a connected CW-complex ©,.
Form a CW-complex M by gluing each ©, to |S (”)| using the map, e,. We require,
of course, that if o1 # o9, then ©,, NO,, = g1 No9.
Choose a map ¢ : M — |S| so that
(a) ¢ =id on |S(™|, and
(b) for each o € SI"*1 ¢=1(0) = O,.
Let us call the resulting pair (M, $) an extension of K(") associated with
{es |0 € KI"*11. Notice that if desired, we may add the condition

(c) =1 (IS™]) =[5™].
The next lemma was influenced by work in [KY?2].

5.3. Lemma. Let n € Nxo, let ¢ € N>o, let P be a Moore space of type (Z/q,n),
let G be an abelian group, and let u € G be an element which is divisible by q.
Assume that L is a standard triangulation of P, VU is a connected CW-complex

such that
0 if k <n,
() & f
G ifk=mn,
there is a copy S of S™ lying in U, and we have selected an embedding e, :
or — Sp = S% C W, =V for each 7 € LY such that the induced map

H,(e;): Ifn((?T;Z) — H,(V,,Z) carries the generator of H,(07;7Z) to u (here we
identify H, (¥, Z) with 7,(V)). Let (M, ¢) be an extension of L™ associated with
{e; |7 € LI"*UY. Then

0 if k <mn,
wMXV 200 @) ifk=n,

1

where 1 is the cardinality of LI"*1.

Proof. 1t is not difficult to see that M is simply connected. Using a Mayer-Vietoris
sequence argument, one can then check that Hy(M;Z) is trivial for all k < n. (Begin
with Sp3. Then add the ¥,’s back one by one, so that each new one intersects the
union of the preceding sets in a subpolyhedron with homology group Hy = 0.)
This along with the Hurewicz isomorphism theorem show that it is sufficient to

demonstrate that H, (M;Z) ~ Z/q & (G). Let C be the simplicial neighborhood
1

of S% in P under L and let D be the simplicial neighborhood of §B"*! in B"*!
under U (notation from the beginning of this section). From the above, each is a
regular neighborhood.

Choose &y € Ul so that 6o N D = . Then the closure D’ of the region
between §y and D is an annulus which collapses (simplicially) to its intersection
with D. One sees that f(D’U D) collapses to C. In turn, C collapses to Sp. If we
put 6, = f(dp), then we see by this that the complement of the interior of §j in P
collapses to S%.

To help understand an argument to follow, suppose that dg,...,d,_1 is a list
of the elements of U1, One can see that the n-simplexes of U can be oriented
in such a manner that the n-cycles 86; and OB"T! satisfy the property that 0dy
is homologous (rel Z) to 96y + -+ + 96,1 + OB+, Thus H,(|[UM™|;Z) is the
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sum of r copies of Z and the inclusion of 99y induces a homomorphism on n-th
homology which sends the generator of 99y to the r-tuple each of whose entries is
the generator of Z.

Now the quotient map f is nondegenerate on elements of U1l since it is a
homeomorphism on int B"*!. So it is clear that f(|[U™)|) = |L("| and that f
carries 0B™ ! onto S C P by a map of degree g. If we label f(4;) as &}, then we
can see by applying the preceding reasoning that Hn(|L(")|; Z) is isomorphic to the
sum of r copies of Z and that the inclusion j of 9¢(, induces a homomorphism on
n-th homology which sends the generator of H,(0d};7Z) to the r-tuple where say
the first coordinate is ¢ and each other is just 1.

Using this information along with an inductive argument involving Mayer-
Vietoris sequences, where one considers reversing the collapse of P\ intd; to S%,
we conclude that M may be written as the union of two closed subspaces, say W1
and W5, such that

(1) Ho(WiZ) ~Z 6 @IG),

(2) H,(Wy;,Z) = G, and
(3) W1 N Wy = 094).
Consider the part

H,(85)) & H,(Wy;Z) @ H,(Wa; Z) — H,(M) — 0
of the Mayer-Vietoris sequence of the pair (W7, W5). This becomes

z5 2o (@G) — Ha(M) — 0,
1

where A is induced by the inclusions i : 90), — Wa, j : 96 — W;. Clearly i.(1) = u.
The discussion preceding this leads us to conclude that j.(1) = (g, u,...,u) €

T
Z @ (PG). In the Mayer-Vietoris sequence one employs —j,.. So our A is the same
i

as the one in Lemma 4.1. O

6. LAYERED EXTENSIONS AND REDUCTIONS

In this section we are going to describe a method of construction of an extension
built as a finite sequence of extensions by the method of section 4. Beginning with a
finite simplicial complex Cjy, there will first be a finite sequence of extensions start-
ing with C(()n), each extension being of the same type involving Moore spaces. Then
there will be one more extension which might be construed as a trivial Edwards-
Walsh resolution. After doing this we shall look at the construction in reverse,
determining recursively some of the homotopy groups of special subcomplexes of it,
attaching cells to kill off specific summands of these groups, determining homotopy
groups again of certain subcomplexes, attaching cells again, and so forth until we
construct an object with desirable characteristics.

For the remainder of this section, assume that n € N> is fixed.

Let Cp be a finite simplicial complex with dim Cy < n + 1. Write My = |Cy|.
Given ¢1 € N>o, fix a Moore space 01 of type (Z/q1,n) along with a collection
{es 100 — S5, CO1|o€ C’([)"H]} of embeddings. Form the extension (M, ¢;) of

C’én) associated with {e, | o € C’([)"H]}.



ACYCLIC RESOLUTIONS 2523

Suppose we are given ¢z € N>o and a triangulation C; of M; in such a manner
that C1|¢; (o) is standard for each o € C 1 Also requ1re that if o, o1 € C[nH]
then there is a simplicial isomorphism between Cy|p; (o) and C|p;* (01). Let
©2 be a Moore space of type (Z/qa,n) along with a collection {e, : do — 5§, C
Oq|0 € C[n+1]} of embeddings. Form the extension (Ma,p2) of C’{n) associated
with {e, |0 € C’n+1 }.

Such a procedure may be applied recursively, say m times, finally resulting in

an extension (M, om) of C’( )1 associated with {e, |0 € C["+1]}

triangulation C,, of M,, such that C,,|¢;! (o) is standard for each o € C[n+1].

along with a

6.1. Definition. We shall refer to such a sequence
M(CO) - ((Mla 301)7 ey (Mm7 Qom))

as an m-layer {qi, ..., ¢, }-extension of C(gn). Call {C4,...,C},} its triangula-
tions.

6.2. Lemma. Suppose M(Cy) is an m-layer {qi, ..., qm}-extension of C’én) with
notation as in Definition 6.1. Then for each 1 < j < m,

(a) dimM; <n+1,

(b) M{™, < M,

© M = (e,

(d) zfa € C][ntl], then 0o C M(") and

(e) M; is compact and is connected if Cy is connected.
Suppose, moreover, that Vy is a subcomplex of Cy. Put Ny = |Vy| and for each
1<i<m, N;=¢; "(Ni—1), Vi = C4|N;, and ¥; = ;| N; : N; — N;_1. Then,

() ((Nl, U1)y. ooy (N, ﬁim)) is an m-layer {q1,...,qm }-extension of Vi with

triangulations {V1,..., Vi }.

6.3. Lemma. Let Cy be a simplicial complex consisting of an (n + 1)-simplex
A along with all its faces, and let M(Cy) be an m-layer {q17 .. Qm }-extension of

C’én) with notation as in Definition 6.1. For each o € U C’j[ntll, let j, : do —
j=1

My(,?) denote the inclusion map and o, € wn(Mﬁf)) the image of the generator of

7n(00) under the induced homomorphism m,(js). Then, {a,|c € U CJ[TEI]} is
j=1

a generating set for wn(M(n)), Tn(Mp,) is a torsion group having nontrivial G-
torsion, and ﬂ'k(M( )) =0 for0<k<n.

Proof. Suppose m = 1. From Lemma 6.2(c), the fact that A is an (n 4 1)-simplex,
the attached object is a Moore space, and since n > 2, one sees that the lemma is
true.

Consider the case m = 2. Lemma 6.2(e) shows that 7T0(M7(7:L)) = 0. We leave

to the reader the easily proved fact that 7 ( (n)) = 0. For the rest of this proof

all homology will be with respect to Z. For o € U C’[’iﬂ] let &, € Hy, (M(”))
7j=1

designate the image of the generator of H,(do) in Hn(Mr(,? )) under the induced

homomorphism H,(j,). We shall show that Hk(M,(,?)) =0 for 2 <k < nand
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m
{&s|0c € U C’][T{l]} generates Hn(M,S? )). Then an application of the Hurewicz
j=1

Theorem ([Hul) would complete the proof about the generating set for Wn(M,Sf ))
for this case.

Clearly M; consists of Ml(n) along with some Moore spaces, say E1, ..., E, glued

respectively along doy, ..., 00, where o1,...,0, varies in C’([)"H]. Each E; has a
triangulation F, induced by Cj. Since E, is a Moore space, then Hk(\Fs(n)D =0,
2 <k <mn. Letj,:do, — |Fs(n)|7 1<s<r and j, : 01 — |Fs(n)\7 r e FIrtY,
denote the inclusion maps. Put &, equal to the image in Hn(\Fs(n) |) of the generator
of H,(da,) under H,(j;) and for each 7 € FI"*, put @, equal to the image in
Hn(|Fs(n)|) of the generator of H, (87) under H,(j,). Then {a,}U{a, | € Fs[n+1]}
is a generating set for Hn(|FS(")|)
Now use induction, beginning with Ml(") and successively gluing in |F5(n)|7 1<
s < r. At each stage use a Mayer-Vietoris sequence to deduce that Hy = 0 for
2 < k < n, and also to detect a generating set for H,. At the last instance, one
will have found the desired generating set for wn(MQ(n)) and that 7rk(M2(”)) =0 for
0<k<n.

The torsion part follows from the fact that in Hn(M,(,ZL)), G is a multiple of the
sum of the other generators, &,. Of course each of the latter is transformed to an
element of torsion in ,(M,,) since, geometrically, it includes as the generator of
7, of an embedded Moore space.

The preceding can be applied recursively; therefore the lemma is true for arbi-
trary m € N. O

For the rest of this section, assume we have been given a Cy and M(C)) as in
Definition 6.1. Also, let G be an abelian group, v € G, and suppose that u is
divisible by ¢;, 1 < i < m. We are going to design, in association with M (Cp)
and its specific structure, a sequence (Dg,wy), - . ., (Dm,wm) of CW-complexes and
maps. This will be arranged so as to decrease the complexity of the homotopy
groups of certain subcomplexes of these D;’s, but in a very systematic manner. We
shall apply this technology in section 7 below.

Fix a CW-complex ® such that &1 is a vertex and

0 if K <n,
m(®) ~ {G it k= n

For each o € CL?H], let dy : do — ® be a map such that m,(d,) sends the

generator of 7, (00) to u. Denote by ®, the mapping cylinder, MCY(d,,), and by
e, the inclusion of do into ®,. Select an extension (Dy,wq) of C’r(,zf ) associated with
{es|o € C’%LH]}.

Recall that M, is endowed with the triangulation C,,. We may choose a trian-
gulation T" of Dy and adjust the map wqg so that

(a1) for each o € it T triangulates w ' (o), and
(b1) wo : |T| — |Cp| is simplicial.
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Consider now any o € C’,[Zfll]. An application of Lemma 5.3 shows that

. ) 0 if £ <n,
Tr(wy (o (0))) & 2 :
Z/qm ® (PG if k =n,
/a (%9)

for some r; € N, where r; is independent of .

Attach an (n 4 1)-cell to wy (5,1 (0)) C Dy via a map on 9B"*! which induces
a homomorphism sending the generator of 7, (0B™" 1) to the generator of the sum-
mand Z/q,, of m,(wy (;:1(0))). Let us designate such an (n + 1)-cell by B,. We
shall use D; to denote the CW-complex obtained from D, after attaching all the
(n+1)-cells B, for o € C’,[:;irll]

There is a map wy : Dy — M,,—1 = |Cy—1| which equals ¢,, o wg on Dy and

1]

which sends B, into o for each o € 07[1?: . The first thing to note is that
0 itk <mn,

—1 ~ r

R I Y R

1

for each o € C}:tll]. Indeed, the inclusion induced homomorphism of m, (0c) into
T1

7n(wy (o)) sends the generator of the former to an element u* of @G which is
1

independent of ¢ and so that u* is divisible by ¢;, 1 <i < m.

The reader should observe that for such o, wy (o) = wy *(¢;,} (o)) U B,. More-
over, suppose that f : B"! — B, is a map having the property that f(0B"*!) C
wy k(o). Let a be the generator of 7, (0B"*!) and g = f|oB"*' : 9B" ! —
wo (P (0)).

In the quotient map Z — Z/q,,, note that ¢,, = g, - 1 is mapped to 0. This
shows that

() mn(g)(a) is divisible by gy, in m, (wy ' (0.1 (0))).

If g is a map of B! to wy (¢, () and if 7,(g) sends the generator of
Tn(OB™ 1) to ¢y, - r times the generator of Z/q,,, then it sends that generator to
zero, so ¢ is nullhomotopic. Hence

(11) if g factors through a map of dB™*! to S™ of degree which is a multiple of
¢m, then f|OB™*! extends to a map fo : B"T! — wy (1 (o).

Now consider o € C,[gi_;].

This time we apply Lemma 5.3 with the group G’ =
T1

PG and the element u* € G which is divisible by ¢,,—1. One concludes that

1

0 if k <n,

(w1 (Pt (0))) = o :
Z/Qm—_1 D G if k=n,
/Gm—1 (@ )

for some ro € N which is independent of o.
Then of course we will form a CW-complex Do by “killing oft” the Z/gn,—1

summands as in the previous construction by attaching cells denoted B,, o € Ci:irgl]

respectively to wfl(cp;al(a)), and end with a map wy : Dy — M,,—2 = |Cp—2|
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similar to w; above. One should observe by analogy that

. 0 if k <n,
my(wi () & { Ty |
G if k =n.
P

Also, wy *(0) = wi H (1 1 (0)) U B,, and statements similar to (1) and (1) will be
true.

This process obviously can be continued recursively until we have a sequence of
maps, w;j : Dj = |Cp—j], 0 < j < m. In particular several conditions will be true
of this construction. Suppose that 1 < j < m; then

(1) |C(()7L)| C Dy, Dj—1 C Dj and D\D;_1 = | J{int B, |0 € C[n+1]}
(2> Wj|Dj71 = Pm—j+10W5—1,

(3) for each o € o+l w,_l(o') = w;_ll(gp;Ll_j+1(g)) U B,, and

(4)

m—j o ¥j
4) for each o € C [n-+1] , there exists 7 € N (which may depend on o) such that
. 0 if £ <n,
men OISV Ge k=
1

Moreover, suppose that o € C’,ZJF; and f : B"t! — B, is a map having the

property that f(OB"*!) C wi (¢! ;11(0)). Then
(5) floB™*! . 9B"*! — wi Liet j+1(0)) is of degree a multiple of gp—j1,
and
(6) if floB"*! factors through a map of dB"*! to S™ of degree which is
a multiple of ¢;—j4+1, then floB™ ! extends to a map fo : B"t! —

wfj1($0;1£j+1(0))-
6.4. Definition. We shall refer to a sequence ((Do,wo), ce (Dm,wm)) of the

type just constructed, satisfying (1)—(6), as a reduction of M (Cj) for (the abelian
group) G.

6.5. Lemma. Assume that {q1,...,¢m} C N>o, G is an abelian group, u €
G, and u s divisible by q; for each i. Then for each simplicial compler Cy with
dimCy < n + 1 and m-layer {q1,...,qm}-extension M(Co) with triangulations
Ci,...,C,, there exists a reduction ( Dy, wp), (Dm,wm)) of M(Cy) for G. For

each o € Cl Y , wy H(o) = MCY(d,), where d, : do — @, and 7,(d,) carries the
generator of Wn(aa) tou € G~ 7, (P). The CW-complex ® is chosen so that

0 if k <mn,
m(®) ~ {G if k= n. =

6.6. Lemma. Assume that ¢ € N>y and G = Z/q. Then for each simplicial
complex Cy with dim Cy < n+ 1 and m-layer {q1, ..., qm }-extension M(Cy), there
exists a reduction ((Do,wo), ooy (D wm)) of M(Cy) for G.

Proof. We only need to make a few adjustments to the construction preceding
Definition 6.4. In producing Dy, this time let ® be a Moore space of type of
(Z/q,n), d, sending generator to generator. Then, up to a homotopy equivalence,
((Mla Qol), R (va Cpm)a (DO,WO)) is an (m + 1)'la'yer {QL <5 Gmy q}_eXtenSion of
C’(n) Applying Lemmas 6.2(f) and 6.3, for each o € C[n+11], T (wo L0 () is
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a finitely generated torsion group with nontrivial g-torsion. This time attach an
(n+1)-cell B, to kill all but the g-torsion. This process can be continued recursively
until the desired conclusion is reached. (]

7. MAIN CONSTRUCTION STEP

Our proof of Theorem 1.1 in section 8 will involve an inductive construction.
There is one main, quite technical step in that procedure, which we would like to
present in isolation now. 4

For the remainder of this section, assume that n € N, Y = (|L;],pi
inverse sequence of finite polyhedra, Y = lim Y, and for each i € N,

(i) dimL; <n+1, and

(i) pitt i |Liy1| — |Li| is a simplicial surjection.
Put Cy = L, and suppose that M (Cyp) = ((Ml,gol), . (Mm,apm)) is an m-layer
{q1, .., qm }-extension of C(()") (see Definition 6.1), with triangulations C;, 1 <4 <
m. Assume that we are given a subcomplex N of C,, with

(iii) ¢ c N.

) is an

7.1. Lemma. Let Py C P and {qo,q1,..-,9m} C N be selected so that each g;
is a composite of elements of P\ Py, and either G = Zp,) or for some p € P\ P,
G € {Z/p,Z/p>*}. Assume that dimgY < n. Then there exists s > 1, such that
for all € > 0 there is a subdivision Vo of Lg, an (m + 1)-layer {qy,. ... qp,1}-
extension M(Vo(n+1)) = ((Nl, W1)y ooy (N1, wm+1)) of Vo(n) with triangulations
Vi,1<i<m+1, and a map g : Nypr1 — M, such that:

(a) meshVj < e,

(b) ¢ is a composite of elements of P\ Py, and qo divides g, for each 1 < i <

m+ 1,

(¢c) for each og € | Vj[zf], gl0og : o9 — My, is of degree a multiple of qo,
j=1

(d) if G # Z(p,) and o’ € Vy,, then either ¢} 1 (0") C g7L(IN|) or o’ € v
and ;"1 (o) N g *(|N|) = o', and
(f) in case G = Zp,) and h : [N| — K(G,n) is a map, then ho glg—*(|N]) :
g Y(|N|) — K(G,n) extends to a map of Npi1 to K(G,n).
Moreover, let ¢ = 100y : My, — |L1| and ¥ =10+ -0ty : Nppy1 — | Lsl:
(g) then for each z € Ny, 11, there is a principal simplex o of Ly such that if
ps o (2) lies in o7, then po g(z) € o7 .

Proof. Let us use pr : Y — |Li| for the coordinate projections. Observe that
because of (ii),

(1) for each k > 1, the coordinate projection py, is surjective.

If G € {Z/p>,Zp,}, then we shall pick an element u € G as follows. Should
G = Z/p™, choose u = 0 € G. Otherwise select a : Z — Zp,) as in Lemma 4.5,
and choose u = «(1). In either case (see Lemma 4.4), the hypotheses of Lemma
6.5 apply. If G = Z/p, then Lemma 6.6 comes into play. Hence we may select a
reduction ((Do,wo), (D1,w1), ..., (D, wpm)) of M(Cp) for G. Let us agree that if
G = Zp,), then in forming (Dy,wp) we shall use a CW-complex ¢ as in Lemma
6.5, and so that u = (1) € G = 7, (®) is as above.
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As a consequence of (i), dimY < n—+1, and we are given that dimg Y < n. One
then may apply (4) in Definition 6.4 along with Lemma 2.5 to see that extdimY <

w, (o) for each o € C([)n+1]. Putting it another way, we may say that

(2) for each o € C([)n+1], w,l (o) is an absolute extensor for Y.
We claim that there exists s > 1 and a map Gy : |Ls| — D,, such that

(3) ify € Y and p1(y) € o, where o is a principal simplex of Ly, then Syops(y) €
wp' (0)-

We shall first get a map v : Y — D,,. Applying (1) of Definition 6.4, define
~v on pr (CSM) to equal p1. Now if o € CI""U consider W, = w;!(c). Then
v(pyH(00)) = pi(p; *(80)) € o € W,. Using (2), extend 7 to a map of p; ' ()
into W,. Put all these extensions together to get v:Y — D,, so that

(4) if y € Y and p1(y) € o, where o is a principal simplex of Cy, then v(y) €

w (o).

There exists s > 1 and a map fy : |Ls| — D, such that the composition Syops is
as close to v as we wish. For each principal simplex o of C, w™!(0) is a subcomplex
of D,,. So in light of (4) modify the map Gy if necessary so that (3) is true.

As a consequence of (3) and (1), we may conclude that

(5) if t € |Ls| and pj(¢) € o, where o is a principal simplex of Ly, then Gy(t) €
wi' ().

Next we shall begin the construction of the objects (Ng, 1), 1 <k <m+1. The
first m steps of this program are designed to “peel off” the cells B, from the target
space in a certain gradual manner. We will start by replacing 5y : |Ls| — Dy, by a
map (1 : Ny — D,,_1 and then proceed recursively so that in the end, no B, will
lie in the image of the last map 3,, : Ny, — Dy.

Now we apply (1) of Definition 6.4. Taking into account (5) above, one may
choose a subdivision V of Ly satisfying (a), perhaps adjust the map [y slightly,
and conclude that

(6) Bo(IVy™]) € Do,

(7) if og € Vp, then for some principal simplex off € Co, Bo(00) C w; (o),
and
(8) if o9 € VO[nH], then either By(o9) C Dp—1 or fBo(og) = B, for some
[n+1]
ccCy .

We claim that
(9) for each og € VO[nH], Bo|0og : Oog — Dyp—q is of degree a multiple of g,y,.

According to (8), there are but two possibilities. In case By(c9) C Dy—1, then (9)
is true because (y|0cy : o9 — Dp,—1 is nullhomotopic. If Gy(og) = B, for some

S C&nﬂ], then an application of (5) of Definition 6.4 along with (6) of this section
yields (9).
Choose
qll = qoqm-
Put Ny = |Vp|. Fix a Moore space ®; of type (Z/q},n) along with a collection
{ec 1 00 — Sg C @10 € V()[n+1]} of embeddings. Form the extension (Ny, 1)
associated with {e, | o € VO[nH]}.
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A map (3 : Ny — D,,_1, having the property

(10) if o9 € Vjp, then for some principal simplex O’# € Cy, Bi(vyt(o0) C

Y ()
is described as follows. Consider o9 € V. We will define 81 in two mutually
exclusive, exhaustive cases. First if By(c9) C D1, then on ¢y (ap), put g =
Bo o 1. Then (10) holds because of (7) and item (2) of Definition 6.4.

In the other situation, we first define 81 = By o ¥; = By on doy. We then use
(6) of Definition 6.4, with f replaced by [y, to get an extension of 5 to the entire
Moore space 1 ! (00), thought of as a quotient of B"*! under a certain map which
has degree ¢j on dB"1. One sees from this definition that again (10) is true. Also,
(9) obtains if we replace Gy by (1, i.e.,

(11) for each og € VO["H], B1|00¢ : o9 — Dyp—q is of degree a multiple of g,,.

Surely one effect of this construction is to “peel oft” the cells B,,, o € C’([)nﬂ]7 from
the image of this new map f;.

We may select a triangulation V; of Ny, slightly (up to homotopy) modify the
map (1 : Ny — D,,_; if necessary, and conclude that along with (10) and (11),

(12) B (V™)) € Dy, and

(13) if 09 € Vl["H], then either 1(0g) C Dp—2 or Bi(og) = B, for some

o€ C:Enﬂ].
Now choose
& = qogm-—1-

Fix a Moore space ®; of type (Z/q3,n) along with a collection {e, : do — Sg, C
Dy |0 € Vl[nH]} of embeddings, and form the extension (N, 1)) associated with
{es |0 € Vl["H]}. There is no loss of generality in assuming that V| (o) is
standard for each o € VO[nH].
Replacing By by (1, apply a procedure just like the one used above to get a map

B2 : No — D,,,_o, agreeing with 3, on \Vl(n)| and satisfying:
1
(14) for each og € | Vj[nJrl]7 B2|00¢ : Oog — Di—o is of degree a multiple of
j=0

dm—1, and
(15) if o9 € Vp, then for some principal simplex J# € Co, Bo(¥g (7 (00))) C
e (e (L))

Such a process may be applied recursively, resulting in extensions (N1,11),. ..,
(N, ¥um), triangulations Vi, ..., V,,—1 (we have not yet selected V;,,), maps (1, .. .,
Bm (Bi : Ni = Dp,—;), and g, . .., q,,. The following conditions will hold true from
this process:

(16) qo divides ¢; for each 1 <i <m,

m

(17) for each g € | Vj[ﬁ'l], Bm|0og : dog — Dy is of degree a multiple of ¢;

j=1

]:
for some 1 < i < m,

(18) if og € Vp, then for some principal simplex U# of Cy,

Bn((r0---0¥m) " (00)) Cwy (w100 pm) (o)) = wy (97 (0F)),
and
(19) V;|i; (o) is standard for each o € Vi[ffl] and 1 <i<m.
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Recall from section 6 (see (a;) and (by)) that Dy may be assigned a triangulation
T and wg chosen so that wy : |T| — |C)y,| is simplicial. Thus we may impose a
triangulation V;,, on N, so that V.| (o) is standard for each o € V,,_1, and
we may assume (by a simplicial approximation) that, along with (17) and (18),
Bm : |Vin| — |T'| is simplicial. Hence we may make the above choices of wg and Sy,
so that

(20) if G' # Z(p,), the map wp o By, : |Vin| — |Chpy is simplicial.
By applying (c¢) of Definition 5.2, we require that
(21) if G = Zp,), then wy '(|CH]) = |C5).

We put a triangulation V,,, on N, so that V,, |11 (o) is standard for each o € V,,,_1.

Set ¢},41 = qo and let ®,,,1 be a Moore space of type (Z/q,,,,,n). Choose a

collection {e; : 9o — 5§ . C Pmy1|o € Vn[fH]} of embeddings, and form the

extension (Ny,41,%¥m+1) associated with {e,|o € VJ{LH]}. We require now, for
this extension, the condition (c) of Definition 5.2, i.e.,

(22) ¥l (Vi) = V)
We have already established (a), and certainly our choice of the numbers ¢, ...,
q),+1 meets the requirement (b) of this lemma. We define

g = wo Oﬂm Oql)erl : Nerl — Mp,.

An application of (17) and the fact that 3, is a factor in the composition defining
g show that (c) is true. One arrives at (d) because of (20), (22), and since N is a
subcomplex of C),, containing o,

For (f), we examine h o wolwg *(IN]) : wy '(IN]) — K(G,n). Now the CW-
complex ® may be thought of as a subcomplex of K (G, n) since it was chosen as in
Lemma 6.5. If 0 € C’,[;ZH], then (21), our choice of «, and an application of Lemma
4.5 show that if o ¢ N, then the map h o wy|do extends to a map of wy (o) = @
to K(G,n). Since wy is a factor of g, then (f) follows.

The last statement, (g), can be traced from (18), the definition of ¢,,11, and the
factorization of g. O

8. PROOF OF THE MAIN THEOREM

Proof of Theorem 1.1. Recall from section 4 that Pg = {p € P|Z, € o(G)}. If
Pg =P, then an application of Example 1 in section 2 (page 8) of [Dr6] shows that
dimz X < n. In that case, we could apply the Edwards-Walsh resolution theorem
[Wa] to get a cell-like resolution 7 : Z — X, where dim Z < n; of course each fiber
of m would be G-acyclic. Hence (a)-(c) of Theorem 1.1 would be satisfied in an even
stronger manner. Thus, let us continue under the assumption that P\ Pg # 0.

Choose a function g : N — N x N which is surjective and each of whose fibers is
infinite, always denoting p(2) as (u;, v;). We do this so that

(1) w; < for each i.
We may assume that card X > 2. Using Lemma 3.7, let K = (|K(O)i|,pé§)1i) be

a stably irreducible representation of X which is simplicial from index 1. For each
k €N, let

Mk - &K(O)k
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We are going to describe a certain recursive process in which there will be an
increasing function r : N — N, (1) = 1. This will show us where to make a
sequence of r(i)-shifts beginning with K. There will also be an inverse sequence
(M;, git!), where each M; is a finite polyhedron with dim M; < n + 1. The limit
of this inverse sequence will be the space Z, but in order to produce the requested
map 7 : Z — X, it will be necessary to construct the sequence carefully, providing
a complicated set of inductive hypotheses along the way.

We shall use the convention that whenever we have determined a space M;, then
gt : M; — M; will denote the identity map. Begin the process by choosing r(1) = 1.
Let ¥; be a subdivision of K, such that mesh¥; < A\*(M;)/4. Define S to be

the restriction of 3 to |K((g)+11) |, ie.,
Sy =S|Ik

Select g11 to be the first element of P\ Pg. For each o € S:[lnH], let ©, be a
Moore space of type (Z/q1,1,n) and let e, : do — S8, C ©, be an embedding.
Let (Mi1,¢1,1) be an extension (Definition 5.2) of SYL) associated with {e,|o €
SE"*”}. Define

My = M and ¢y = ¢11 : My — [S1].
Select a countable collection Hy = J{H(My, H)|H € oo(Q)} = {h] : A] —
K(HJ,n)|j € N} of maps using Lemma 3.12.

Because of (1), it must be true that u; = 1; consider the map hy} = hi* : AL =
A" — K(H;,n) from the closed subspace A} of M;. Put Cy o = Si. There exists
a triangulation C ;1 of M; such that for each o € C] n+1 . b1, 1( ) is triangulated by
C11 in a standard manner (see the text preceding Notatlon 5.1). We arrange this
so that for some subcomplex Ny of Ci 1, |C’£nl)\ U Ayt C |Ny|, and there is a map

11 |N1| — K(H',n) which is an extension of A} .

Notice that we have created (Definition 6.1) a 1-layer {q; i }-extension M (C1 ) =
((Ml’l, (;5171)), of S%"), whose triangulation is C ;. Apply Definition 3.8 with ¥ =
Y1 to get a 1-shift; let Ky = (K(l)i,pé'f)li) denote the resulting inverse sequence.

Now we are ready to make our inductive statement. Suppose w € N and we have
chosen 1 = r(1) < --- < r(w) in N and for each 1 < k < w, successive r(k)-shifts
from Yi as in Lemma 3.9. From this we get a finite sequence Ky, . .., K,, of inverse
sequences with the notation (see the text before Definition 3.10) Ky = (K1), P?Z)ﬁ)
We always define

Sk = Ek“K((gt(kﬂ

Let us require that for each k we have determined a finite CW-complex M), with
dim My <n+1, and a map ¢y : My — |Sk| so that:

(I1) mesh X < A*(My(xy)/4;

(I12) if 1 < k, there is a map gf_, : M}, — Mj,_1 so that

r(k m
dT(kfl) ((bk*l © gllzflvp(/g )1)7"(k 1) © (bk) <A (Mr(k))/4a

(I3) we have chosen a collection Hy, = U{H(My, H) | H € 00(G)} = {h}, : A}
K(H],n)|j € N} of maps as in Lemma 3.12; and

(I4) when k < w we have selected a map Ak+1 My 1 — K(Hp*,n) such that
Apral(gi ) 7H(ARL) = R o gl (ga ) ~H(ARY).
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Putting Cy o = Sk, we require further that for some {gx1,...,qx s} C N, there
is a k;-layer {qu7 .. ,qk’k}—extension M(Ck)o) = ((]\4&17 ¢k,1)a RN (Mqu; ¢k,k)) of
C’]iflo) with triangulations {C% 1, ..., Ck k} such that

(I5) for some subcomplex Ny, of Cy, , |C’,gnk) |U(gk )7H(Ar) C | Ni|, and there is a
map A : [Nj| — K(HY*, n) which is an extension of h% ogk [(gk )71(AL),
(I6) each gy ; is a composite of elements of P\ Pg,
(I7) My = My,
(I8) ¢k = o0 dpy: My — |Si[, and
(19) if 1 < k and Hy, ") € {Z/p,Z/p>=}, then for each o € kUIC,EZtlL gr 1|00 :
j=1

0o — Mj_1 is a map whose degree is a multiple of pF~1.

The reader may check that we have satisfied the inductive requirements in case
w = 1. We define the inverse sequence

r(w)+1 r(w)+2

Pwyr(w) " Plwyr(w)+1 %
Yo = (|G| &—— |K(w)r(w)+1‘ |K(w)r(w)+2| —..)
. . +1y_ . .
where K7,y )41 18 the (n + 1)-skeleton of (p’("l(ulg’z(w)) L(Sw), K{oyr(wy 42 18 the

(n + 1)-skeleton of (p?fgzzf)ﬂ)’l(K{w)r(w)ﬂ), and so forth. The bonding maps
should of course be the appropriate restrictions of the ones indicated. Lemma 3.9
and Definition 3.6 show that the bonding maps of Y,, are simplicial surjections.
Let Y = 1limY,,. Since Y embeds in X = limK,,, then dimgY < n. Hence Y,
meets the conditions (i) and (ii) specified in section 7.

The conditions following (ii) in section 7 and immediately preceding Lemma 7.1
are currently met by the data from the induction as follows:

(2) CO = Cw,Oa

(3) M(Cw,O) = ((Mw,la ¢w,17 ey (Mw,un ¢w,’w})a a w—layer {Qw,h cee 7Qw,w}‘
extension of Cy 9, and

(4) N = N, ((iii) of section 7).

If Hy» = Z/p, then choose g, o = p**'. If Hy» = Z/p™, then note that for
some wg € N, Ay, (|Ny|) € K(Z/p*°,n) C K(Z/p>,n). In that case, choose g0 =
max{p®*1, p¥o}. Otherwise, let g, o be the first element of P\ Pg. Now let us apply
Lemma 7.1 with {quw,0,qw,1,---,qww} C Nand G = Hj». We put r(w + 1) = s,
where s > r(w) comes from Lemma 7.1. Using (a) of that lemma, there is a
subdivision ¥, ;1 (denoted Vp in Lemma 7.1) of K(y)r(w+1) o that (I1) is true for
k =w+ 1. Then with Cy41,0 = Swt1, find a (w+ 1)-layer {quw+1,1,-- - Qu+1,wt1}-
extension M(Cerl’o) = ((Merl,h ¢w+1,1)7 ey (Mw+1,w+17 ¢w+1,w+1)) of Cl(ungl,O
with triangulations Cy41,4, 1 <4 < w + 1, along with a map g : My41,.04+1 — My
as in Lemma 7.1. Define

Mw+1 = Mw+1,w+1
and put

1
gﬂj"' : Myy1 — My,

equal the map ¢ from Lemma 7.1. Define
¢w+1 = ¢w+1,1 ©--+0 ¢w+1,w+1 : Mw+1 - \5w+1\,

precisely as required by (I8).
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In our application of Lemma 7.1, the complex L; is in fact S, which is a
subcomplex of 3,,. Thus (I1) for k£ = w yields that mesh S, < A“(M,())/4, so,
(g) of Lemma 7.1 shows that the commutativity desired in (12) is true for k = w+1.
Select a collection H,,+1 so that (I3) is satisfied. We have to find a map A,41 to
meet the condition in (I4).

In case H;" = Z(pg), consider in (I5), for & = w, the subcomplex N, of Cy v
and the map Ay : [Nyw| — K(Hj»,n). Simply apply (f) of Lemma 7.1 to get the
needed extension A, 41 in (14).

When Hj» € {Z/p,Z/p>} we need a different approach. This time we shall
apply (d) of Lemma 7.1. For z € (g¥T1)~(|Ny|) we of course define A, 11(z) =

Aw 0 g1 (). It remains, according to (d) of Lemma 7.1, to extend A, to sets of

the form ¢;i17w+1(a’), where o’ € C’gfll]w and ¢k i (0)) N (gt (I N|) =
Oo’. But qﬁ;lﬂ’wﬂ(a') is a Moore space of type (Z/quw+1,w+1,7), Where qut1.w+1
is divisible by qu,o. If H;* = 7Z/p, then from the fact that g, ¢ is divisible by p, we
see that A, 41 extends to a map of qS;}rl)wH(a’) to K(H.»,n). If Hy» = Z/p™,
then since Ay, (|[Ny|) C K(Z/p™°,n) and ¢y 0 is divisible by p*°, we get the needed
extension in this situation also. So (I14) is satisfied.

We have already chosen the extension M (C\y,41,0) and the triangulations {Cy41 1,
..o Cywt1,0w41}, but if we take just a bit more care in choosing Cy11,p+1, We can
be certain of the existence of a subcomplex N,,41 and a map \,y1 as required by
(I5). Both (I6) and (I7) can easily be verified from our construction. What remains
is (I9). This, however, follows from (c) of Lemma 7.1 and the fact that under these
choices of the group H,;“, g o is divisible by putl,

Our inductive construction is complete.

We have selected a sequence (K;) satisfying the conditions of Definition 3.10, so
let K, denote its limit. Using Lemma 3.11, one sees that X = lim K,. To prepare
for the use of Lemma 3.14, for each i € N set

(5) K; = |K(0)r(z)|7 MZ = Mr(i)7 ﬁ?rl = pz"l(;:r(i))’ and X = (Kzaﬁ?rl)

We have already constructed (M, giﬂ) and ¢; : M; — K;.

There is no loss of generality in taking X = lim X. For each i € N and « € K;,
by the definition of A“, there exists M, ; € M; = stK (0)r(i) as required in Lemma
3.14. For a given M = M, ; € M;, conditions (f) and (b) of Lemma 6.2 imply that
each vertex in M lies in ¢; '(M); so (a) of Lemma 3.14 is satisfied. We get (b)
from the first part of (12). By Definition 3.6, K satisfies (c) of Lemma 3.4, so an
application of Lemma 3.5 gives us the condition (c¢) of Lemma 3.14. Thus there is
a surjective map 7 : Z = limZ — X = lim X whose fibers lim Z, are as indicated
in Lemma 3.14.

We claim that the metrizable compactum Z and the surjective map m: Z — X
will satisfy the list (a)—(c) of Theorem 1.1. To begin, since dim M; < n+ 1 for each
i, it is a standard fact that the limit Z of the sequence of M;’s has dim < n + 1.
So (b) is true.

For (c) we only have to show that dimg Z < n because of (b) of the theorem
(the part we just proved) and Lemma 4.11. We shall prove this by using Lemma
4.9. Let H € 0¢(G). The idea is to use Lemma 3.13 with the countable abelian
group H and the inverse sequence Z defining the space Z. So let ¢ € N and consider
an element of H(M;, H), say h] : A — K(H],n) as in (I3). There exists ko > i
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so that u(ko) = (4,7); thus i = ug, and j = v,. We just apply (I4) to obtain
k = ko + 1 leading to the extension requested in Lemma 3.13.

We have to prove (a) of Theorem 1.1. Fix « = (z;) € X; we know from Lemma
3.14 (look for Z,) that 7=!(z) can be written as the limit of an inverse sequence of
the form (¢; '(M,, ;),g. ™), where M., ; = st(w;, Koyry) € M, for some vertex w;
of K(0)r(s). But since the image of ¢; is |S;| = |K(((;3_:(1i))" then we may replace My, ;
by F; = st(wy, K((g;(li))) in the preceding formulation. This means that 7= 1(z) =
lim(¢; ' (F;), ;™).

Thinking of F; as a CW-complex, one sees that Fi(") is homotopy equivalent to
the union of the n-skeleta of the (n + 1)-simplexes of K(g),(;) contained in it. For
each such (n 4+ 1)-simplex o, S; induces a triangulation S, on . Observe also that
F; may be treated, up to homotopy equivalence, as a bouquet of (n+ 1)-cells in 1-1
correspondence with the (n+1)-simplexes o just mentioned. From our construction,
one can ascertain that ¢; 1(FZ) is, up to homotopy equivalence, a bouquet, say B;,
of the objects ¢i_1(0). According to the last part of Lemma 6.3, each of the objects
[(b;l(a)](") has trivial homotopy groups in the dimensions 0 < k < n. It follows
then that Wk(Bl-(n)) = 0 for 0 < k < n. From this information we may conclude
that for each i € N and 0 < k < n,

(6) the inclusion Bi(k) — Bi(k“) is nullhomotopic.
So it is not difficult to show that for 0 < k < n and any abelian group H, every
map of ¢; *(F;) to K(H,k) is nullhomotopic. Hence one concludes that
(7) IEI’“(W’I(Q:); H) =0 for 0 <k <n and all abelian groups H.
For dimension n the strategy is a bit different. We shall show that
(8) if p € P and either Z/p or Z/p™ lies in 0o(G), then for all j € N,
H™(r~Y(2); Z/p?) = 0.
Then surely H" (7~ (x); Z/p) = 0, but also
(9) H"(x~H(2):Z/p™) =0
by the following reasoning. Let us recall that for any compact metrizable space P
and abelian group H, H"(P; H) = 0 if and only if every map of P to K(H,n) is
nullhomotopic. Since 7~ !(z) is compact, every map of it to K(Z/p>,n) lands in
some K(Z/p’,n). From (8), we see that such a map must be nullhomotopic as a
map into K (Z/p’,n) C K(Z/p>,n).
Let us assume that p € P and either Z/p or Z/p™ € 0¢(G). Fix j € N and let
H be either Z/p’ or a torsion free group. We are going to show that
(10) for all k£ € N, there exists 4 > k such that for any map ¢ : qb;l(Fi) —
K (H,n), the composition <pog2+1 : ¢i_+11(Fz'+1) — K(H,n) is nullhomotopic.

This will show that the induced homomorphism

H™(git") « H™(¢; ' (Fy); H) — H™(¢734 (Fi41); H)
is trivial. That would surely prove (8), but at the same time it would yield
(11) H™(n*(x); H) = 0 for any torsion free abelian group H.

Thus we are going to establish (10).
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We claim that

(12) for all k € N, there exists ¢ > k such that for any map h : S™ — ¢;+11(Fi+1),

the composition ¢ o gf“ oh: 8™ — K(H,n) is nullhomotopic.

Let us see why (12) would imply (10) and then see how to prove (12).

Because of (6), there exists a homotopy G* : Bi(zl_l) x I — Bi(i)l, where Gf is
the inclusion and G7 is a constant map, say to pg. Let 7 be an n-cell of B;;1. We
determine a map d, : (7 xI) — Bz(i)l by setting d(t,s) =tif s =0, G*(¢,s) if t €
Or, and po if s = 1. Then the map wog: ™ od, : d(rxI) — K(H,n) is nullhomotopic
by (12). So the map <pogf+1 od, extends to amap D, : 7xI — K(Z/p’,n). A map
D: Bz(i)l xI — K(H,n)is defined by setting D = | J{D; | 7 an n-cell of B;1+1}. One
notes that D is a nullhomotopy of the map cpogfJrl |Bz(_r~f)1 Since 7,1 (K (H,n)) =0,

this nullhomotopy extends to one of Bgf{l) x I to K(H,n). This proves (10) modulo
(12).

Now for (12). In case H is a torsion free group, e.g., H = Z(p,) in our case, then
choose i = k. It follows from (I7) and Lemma 6.3 that wn(qb;rll (Fiy1)) is a torsion
group. So we simply have to note that H is a torsion free group.

Suppose that H = Z/p’; then we may assume without loss of generality that
k > j. There exists [ such that H. € {Z/p,Z/p®}. Hence there is i > k > j
such that u(i) = (k,1), i.e., u; = k and v; = I. From (I19), one sees that for each

ce U C’Z-[T{}j]o_l, gf“ carries o to M; by a map whose degree is a multiple of p?.
Jo=1

So it must be true that po gf“ carries do to K(Z/p’,n) by a map whose degree is

a multiple of p?. This and an application of Lemma, 6.3 show that for any map h

as in (12), the composition ¢ o gf‘l o h has degree which is a multiple of p?. Such

a map has to be nullhomotopic. Our proof of (12) is complete.

Now we shall establish that each fiber B of the map 7 is G-acyclic. We already
have proved that dimg Z < n, so dimg B < n, that is, (a) of Lemma 4.10 is
certainly true. One obtains (b), (¢), and (d) from (7), (8), (9), and (11).

Since 7~!(z) C Z and dimg Z < n, then dimg (7~ !(z)) < n. Hence an appli-
cation of Theorem 1 of [Ku] shows that H"**(7~1(x); G) = 0 for all k > 1. This
completes our proof of (a) of Theorem 1.1. In case m,11(K) = 0, then (aa) is
assured by an application of Lemma 4.12 since each fiber of 7 is G-acyclic and has
dim <n+1. O
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